According to Bliohk et al., allowing free propagation along the direction of a uniform magnetic field, the familiar Landau electron state can be regarded as a non-diffracting version of the helical electron beam propagating along the magnetic field. Based on this observation, they argued that, while propagating along the magnetic field, the Landau electrons receive characteristic rotation with three different angular velocities, depending on the eigen-value m of the canonical OAM operator, which is generally gauge-variant, and this splitting was in fact experimentally confirmed.
I. INTRODUCTION
The existence of propagating wave carrying intrinsic orbital angular momentum (OAM) has been an object of intensive study and firmly established by now not only for photon beams but also for electron beams [1] - [4] . These helical (or twisted) beams are characterized by an integer m sometimes called the topological index of the beam. This integer is nothing but the eigen-value of the canonical OAM operator, or more precisely its component along the propagating direction of the photon or electron beam. Although the canonical OAM is generally a gauge-variant quantity, its observation does not contradict the famous gauge principle, just because there is no difference between the canonical OAM and the manifestly gauge-invariant mechanical (or kinetic) OAM for the free photon or electron beam. However, this is not the case for the recently-investigated helical electron beam propagating under the influence of a uniform magnetic field [5] , [6] . In the presence of non-zero magnetic field background, the two OAMs, the gauge-variant canonical OAM and the gauge-invariant mechanical OAM are absolutely different quantities, and they must be clearly distinguished.
Very interestingly, exactly the same problem also appears in a totally different field of physics. In fact, to clarify the difference between these two OAMs inside the nucleon is one of the central issues of the so-called nucleon spin decomposition problem in quantum chromo-dynamics [7] , [8] .
The purpose of the present paper is to carry out a complete analysis of so-far only partially understood m-dependent rotational dynamics of the Landau electron, especially by paying attention to highly nontrivial role of the quantum guiding center in the Landau problem.
Also to be clarified is the relation between the two OAMs, i.e. the gauge-variant canonical OAM and the gauge-invariant mechanical (or kinetic) OAM in a nonzero electromagnetic field background. These analyses would make clear how and why the quantum-number mdependent splitting of the helical electron beam, while traveling along the direction of the uniform magnetic field, recently observed by Schattschneider et al. [6] can be compatible with the celebrated gauge principle as one of the fundamental principles of physics.
II. HELICAL ELECTRON BEAM IN A UNIFORM MAGNETIC FIELD AND

LANDAU ELECTRON
Practically most important helical electron beam is the Laguerre-Gauss (LG) beam, which is an approximate solution of free Helmholtz equation for the electron in the paraxial approximation. Up to a normalization constant, the Laguerre-Gauss beam propagating along the z-direction with the wave number k is represented as [1] ψ LG nr,m (r, φ, z) ∝
where L |m| nr (x) are the associated Laguerre polynomials, n r = 0, 1, 2, · · · is the number of radial nodes, w(z) = w 0 1 + z 2 / z 2 R is the beam width depending on z due to diffraction, and R(z) = z (1 + z 2 R / z 2 ) is the radius of curvature of the wave front. The transverse and the longitudinal scales of the beam are respectively characterized by the waist w 0 (width in the focal plane z = 0) and the Rayleigh difraction length z R .
According to Bliohk et al. [5] , this LG beam is resembling the Landau states of the electron in a z-directed uniform magnetic field B > 0 in the symmetric gauge represented as ψ nr,m (r, φ, z) ∝
with the identification w(z) → 2 l B . Here l B ≡ 1 / √ e B is the familiar magnetic length in the Landau problem. As they argued, allowing free propagation along the magnetic field, the Landau states represent non-diffracting versions of the electron helical beams.
A remarkable observation by Bliohk et al. is that the rotation of electrons in a uniform magnetic field in quantum picture is drastically different from uniform classical orbiting, i.e. the familiar cyclotron motion. Instead of rotation with a single cyclotron frequency ω c = e B me , the Landau electrons, while propagating along the direction of the magnetic field, receive characteristic rotation with three different angular velocities, depending on the eigen-value m of the canonical OAM operator L can z = (r × p) z :
where ω c is the cyclotron frequency, while ω L = ω c / 2 is the Larmor frequency.
We recall that above predictions are obtained by evaluating the expectation value of the electron's angular velocity ω(r) = v φ (r) / r, with v φ being the azimuthal component of what-they-call the local Bohmian velocity given by v = j / |ψ| 2 . Here, j is the familiar gauge-invariant probability current given by
Interestingly, the predicted m-dependent splitting of the electron helical beam was later confirmed by a clever experiment in which half of the beam is obstructed to stop with an opaque knife edge stop and the spiral rotation of the visible part of the beam is traced by moving the knife edge along the beam direction [6] . This is really interesting finding, but several questions arise immediately. First, the quantum number m is the eigen-value of the electron canonical OAM operator, which is usually believed to be a gauge-variant quantity. Doesn't the observation of m-dependent rotation contradict the well-known gauge principle, which states that observables must be gauge-independent ? Second, Bliohk et al. argue that the emergence of three different types of rotation goes beyond simple classical picture of electron cyclotron motion in a uniform magnetic field, and it needs an explanation based on quantum mechanics or the Bohmian mechanics [9] . Still, deep physical origin of the m-dependent splitting of the electron's rotational motion was not fully elucidated in their papers [5] , [6] .
III. LANDAU ELECTRON'S PROBABILITY DISTRIBUTIONS AND PROBA-
BILITY CURRENT DISTRIBUTIONS
To answer the questions raised in the previous section, we realize that the following way of looking at the Landau problem is useful. That is, we first recall the fact that, in the symmetric gauge A = 1 2 B ( − y, x), the Landau Hamiltonian H = 1 2 me (p + e A) 2 can be expressed as a sum of the two pieces, i.e. the Hamiltonian of 2-dimensional Harmonic oscillator and the Zeeman terms [10] :
where
Here, ω L is the Larmor frequency, while L can z is just the canonical OAM operator. The eigen-functions and the associated eigen-energies of the 2-dimensional Harmonic oscillator is well known. They are given by
whereψ
withR nr,n (r) =
and
In the above equations, n r ( = 0, 1, 2, · · · ) represents the number of radial nodes, while m does the magnetic quantum number, which is the eigen-value of the canonical OAM operator L can
with m taking any integers. Sinceψ nr,m are the simultaneous eigen-functions of H osc and H Zeeman , it immediately follows that they are also the eigen-functions of the whole Landau Hamiltonian,
with the corresponding eigen-energies,
It is cutomary to introduce a new quantum number n defined by n ≡ n r + |m|+m 2 . This number takes zero or any positive integer and it is called the Landau quantum number.
Accordingly, the eigen-functions of the Landau problem are standardly expressed with n and m instead of n r and m, which motivates to define new functions by ψ n,m (r, φ) ≡ψ nr,m (r, φ).
As a consequence, the eigen-energies of the Landau Hamiltonian depend only on the quantum number n as
These are all known stories, but the fact that the Landau eigen-states are also the eigenstates of the 2-dimensional Harmonic oscillator makes us notice an important symmetry of the eigen-functions. First, remember that the radial wave functionsR nr,m (r) of the 2dimensional Harmonic oscillator have a simple symmetrỹ 
To understand surprising nature of this symmetry relation, let us, for instance, consider the case where n = m = 10. In this case, one has the relation R 0,− 10 (r) = R 10,10 (r). This means that the probability density of the state with (n = 0, m = − 10) is exactly the same as that of the state with (n = 10, m = 10). Note however that the eigen-energy of the former state is (2 × 0 + 1) ω L = ω L , while that of the latter state is (2 × 10 + 1) ω L = 21 ω L .
We thus conclude that, though these two states have exactly the same probability densities, they have totally different energies. The resolution of this seeming paradox lies in the fact that, although the probability densities of these two states are exactly the same, they have totally different probability current distributions. One should recognize the fact that, under the presence of the external magnetic field, the internal electric current interacts with this magnetic field so that this interaction also contributes to the energy of the system.
As seen from (4), the gauge-invariant probability current consists of two pieces as
with
which we hereafter call the canonical current and the gauge (potential) current, respectively.
In the Landau states described by the eigen-functions (9) and (10), both have only azimuthal components as j can = j can φ e φ and j gauge = j gauge φ e φ , where
with ρ(r) = |ψ| 2 being the electron probability density. Note that, due to the axial symmetry of the Landau eigen-states in the symmetric gauge, ρ is a function of r only.
Also interesting is the angular momentum density l related to the probability current density j by l = m e r × j. Note that this angular momentum l corresponds to the gaugeinvariant mechanical (or kinetic) angular momentum l mech . It has only z-component, and consists of two parts as
We recall that the second term of Eq. (20) is nothing but what-we-called the potential angular momentum l pot z in the paper [11] aside from the sign difference, i.e. l pot z = − l gauge z . (There is a reason in this sign convention in the definition of the potential angular momentum.
The potential angular momentum is contained in the expression of the total photon angular momentum given by r × (E × B) d 3 x in the interacting system of photons and charged particles, so that it has a meaning of the angular momentum carried by the electromagnetic field in the presence of the charge particles. See [11] or [12] for details.) We recall that spatial integrals of these quantities, which are just the expectation values of the corresponding operator in the Landau state ψ n,m , are well-known. They are given by [13] , [14] l can
so that we have
This means that the expectation value of the mechanical OAM operator depends only on the Landau quantum number n.
Just for completeness, we point out that the electron's angular velocity operator ω(r) = Evaluating its expectation value in the Landau state with use of the relation ρ(r)/r 2 = 1/ (2 l 2 B |m|) and ρ(r) = 1, we get
which confirms the relation (3). We point out that this relation was already written down in the paper by Li and Wang [15] , although its practical importance became clear only after the proposal of using the helical electron beams [5] , [6] . In Fig.1 and Fig.2 , we show the probability current densities together with the probability densities, and also the angular momentum densities. Fig.1 corresponds to the state with (n r = 0, m = 10) or equivalently (n = 10, m = 10), while Fig.2 to the state with (n r = 0, m = − 10) or (n = 0, m = − 10). In the three figures on the left panel, the higher probability density region is drawn by brighter (white) color, whereas the lower density region is by darker (black) color. One can confirm that the probability density of the state with (n = 10, m = 10) shown in Fig.1 and that with (n = 0, m = − 10) shown in Fig.2 are exactly the same, in spite that their eigen-energies are totally different. However, the On the right panels of Fig.1 and Fig.2 was not pursued further. We shall see below that the understanding of its origin is very important especially because it also helps us to understand the deep physical reason of the splitting of the electron helical beam into three pieces depending on the eigen-value m of the canonical OAM operator.
IV. EXPLANATION OF m-DEPENDENT SPLITTING OF HELICAL ELEC-TRON BEAM IN A MAGNETIC FIELD
What plays an important role in explaining the physical origin of the m-dependent splitting of the helical electron beam in a uniform magnetic field is the concept of the so-called guiding center or the orbit center coordinates (X, Y ) defined by the following relations [16] 
Here, (x, y) and (v x , v y ) stand for the position and the velocity of the electron, respectively.
In classical mechanics, the guiding center corresponds to the center of electron's cyclotron motion and it is naturally a constant of motion. In quantum mechanics, the guiding center coordinates X and Y become q-numbers, but they are still constants of motion, since they satisfy the commutation relation [X, H] = [Y, H] = 0. It also holds that [R 2 , H] = 0 with
However, the two q-numbers X and Y do not commute with each other but they satisfy the commutation relation [X, Y ] = i l 2 B with l B being the magnetic length. This means that we cannot specify the x-and y-coordinates of the guiding center simultaneously with arbitrary precision. (We point out that quantum-mechanically nontrivial role of the guiding center was also discussed in the two recent papers [17] , [18] from a different perspective.)
Another important quantity in the consideration below is the orbit radius operator r c defined by [16] 
Classically, r c corresponds to the radius of electron's cyclotron motion. As pointed out by Johnson and Lippmann many years ago [16] , r 2 c is related to the Landau Hamiltonian or the system energy as
and is a constant of motion also in quantum mechanics.
Johnson and Lippmann also pointed out that, R 2 and r 2 c satisfy the following important relation :
where L can z is the canonical OAM operator. The expectation values of the above quantities in the Landau eigen-state ψ n,m (orψ nr,m ) can easily be evaluated as [14] , [15] r 2 c = 2 n r + |m| + m 2
which gives
as naturally anticipated. From Eqs.(30) and (33), the following relation immediately follows
Thus, one realizes that the sign of the magnetic quantum number m is inseparably connected with the magnitude correlation between r c and R.
It is instructive to compare once again the two typical states, i.e. the state with (n, m) = (10, 10) and that with (n, m) = (0, − 10). For the former state, we have r 2 c = √ 21 l B and R 2 = l B , while for the latter state, we have r 2 c = l B and R 2 = √ 21 l B . Thus, for the state with (n, m) = (10, 10), the Landau electron is making a circular motion with the radius of √ 21 l B around the guiding center which lies inside the circle of radius l B , as schematically illustrated on the left panel of Fig.3 . On the other hand, for the state with (n, m) = (0, − 10), the electron is rotating with the radius of l B around the guiding center which is located on the circle of radius √ 21 l B as illustrated on the right panel of Fig.3 .
Note that, in quantum mechanics, the position of the guiding center is inherently uncertain and it is distributed on the circle of radius √ 21 l B with equal probability. For this reason, the quantum mechanical probability distribution ρ of the electron as well as its probability current distribution j are destined to have axial symmetries around the coordinate origin in consistent with their forms already shown in Fig.1 and Fig.2 . In particular, from the right panel of Fig.3 ± ω L depending on the sign of m. Then, for the m > 0 mode, these two contributions are added up to give 2 ω L = ω c , i.e. the cyclotron frequency. On the other hand, for the m < 0 mode, these two contributions are exactly canceled out to give zero rotational velocity in conformity with the schematic picture illustrated on the right panel of Fig.3 . Finally, for the marginal case of m = 0, the gauge current contribution is still ω L , but the canonical current one vanishes, as is clear from the expression (19) for the canonical current. Then, it can alternatively be said that the Larmor frequency for the m = 0 mode appears just because it is an average of the two frequencies ω c and 0 corresponding to the two types of cyclotron motions, i.e. the one which rotates around the origin with the frequency ω c and the other which does not actually rotate around the origin.
V. CONCLUSION
To sum up, we have carried out a comprehensive analysis of the m-dependent rotational dynamics of the Landau eigen-states | n, m in the symmetric gauge and revealed that unexpectedly rich structure is hidden in its m-dependencies. They are the novel symmetry of the electron's probability densities of the two Landau states | n − m, − m and | n, m and also the highly nontrivial structure of the probability current distribution, which critically depends on the sign of the quantum number m. In particular, we demonstrated that the above-mentioned nontrivial structure of the probability current distribution has a simple intuitive explanation based on the unique role of the quantum guiding center concept in the Landau problem. The novel m-dependent splitting of the electron's rotational motion, while propagating along the direction of the magnetic field, can also be transparently understood if we notice the magnitude correlation between the cyclotron radius and the distance of the guiding center from the coordinate origin, which critically depends on the sign of m. Since this m-dependent splitting of the electron's rotational trajectory is a prediction based on the gauge-invariant total or mechanical current, it never contradicts the gauge principle. Rather, still remaining degeneracy of the rotational frequency ω for both of the m > 0 mode and of the m < 0 mode would be interpreted as a signal or a residue of the gauge-invariance requirement for observables.
